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INVERSE ANALYSIS OF HORIZONTAL EARTH STRESSES
BASED ON BOREHOLE MECHANICS

AND SOFT COMPUTING

Shike Zhang*, Shunde Yin**

This paper presents a hybrid model based on the displacement back analysis to esti-
mate the earth stress magnitude and direction from the obtained borehole displace-
ments. An artificial neural network (ANN) is used to map the non-linear relationship
between the maximum horizontal earth stress, σH, the minimum horizontal earth
stress, σh, the direction of the largest horizontal earth stress, θ and the borehole dis-
placements. The genetic algorithm (GA) is used to search the set of unknown earth
stresses and direction according to the objective function. Results of the numerical
experiments show that the displacement back analysis method can effectively identify
the earth stress based on the wellbore motions during drilling.

Keywords : earth stress, borehole mechanics, inverse analysis, artificial neural net-
work, genetic algorithm

1. Introduction

Earth stress is the original stress field in the rock formation without any engineering
disturbances. Earth stress plays a vital role in securing wellbore stability and optimizing
well stimulation operations. Thus, it is necessary to have the knowledge of earth stress in
order to perform any rock stress analysis and failure evaluation.

Generally, there are two approaches to estimate the earth stress in rock engineering, the
direct approach and the indirect approach [6, 20]. In the direct approach, the magnitude
and orientation of the horizontal earth stress can be directly determined by using the testing
techniques, such as hydraulic fracturing test or overcoring gauge test. It was reported that
the hydraulic fracturing method is less accurate in estimating the maximum horizontal stress,
and the overcoring method is mainly suitable for depth down to 1000m [8, 13, 18, 20, 31].

In the indirect approach, the magnitude and orientation of the horizontal earth stress
can be mainly obtained through borehole breakout, acoustic emission, fault plane solution,
differential strain analysis, inelastic strain relaxation, core discing, observation of discontinu-
ity states and inverse analysis [1, 2, 4, 10, 11, 12, 14, 26]. The previous inverse analysis as an
indirect approach is mostly based on the linear elastic theory, which could lead to the error
in estimation of the largest and smallest horizontal earth stresses and their direction [3, 24].

The objective of this work is to investigate the largest and smallest horizontal earth
stresses and the azimuth of the maximum horizontal earth stress for the fractured rock
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formation based on the borehole displacements during drilling. For borehole stability anal-
ysis of fractured formation, a large number of methods considering fractures in solids are
available, for example, three-dimensional numerical manifold method [15], smooth particle
hydrodynamic mehtod [29], free hexagon method [28], and discrete element method [33].
The borehole displacements can be easily obtained through the caliper logs and ultrasonic
borehole televiewer [16, 22, 27, 32]. In this work, we use the displacement based inverse anal-
ysis method and consider the more realistic behavior of the rock mass. Firstly, an artificial
neural network (ANN) is applied to map a non-linear relationship between the assumed
earth stress and the borehole displacements from a coupled geomechanics model. The dis-
tinct element method (UDEC) [9, 19] is used in this paper to create the training and testing
samples for ANN. Next, a robust objective (error) function is established based on the non-
linear relationship. Finally, a genetic algorithm (GA) is chosen in this study to search the
set of unknown earth stresses and direction according to the objective function. Lastly,
numerical experiments are conducted to verify the hybrid model based on the displacement
back analysis.

2. Thermoporoelastoplasticity and Distinct Element Method (DEM)

Drilling process involves strong coupling among heat transfer, fluid flow, and rock mass
deformation. Universal Distinct Element Code (UDEC) [19] is a numerical modeling code
for advanced geotechnical analysis of soil, rock, and structural support in two dimensions.
UDEC is usually used to simulate the response of discontinuous media (such as jointed
rock) that is subject to either static or dynamic loading, and allows explicit of blocks of
rock and how they interact with each other. There are three main types of contacts, the
corner-to-corne, corner-to-edge, and edge-to-edge, the detailed description can be found in
reference [36]. The fracture conductivity is dependent on the aperture of the contact. The
deformation of a discontinuous rock formation is comprised of deformation of the intact rock
blocks and the rock discontinuities. The material model of deformation block uses plastic-
ity model of Drucker-Prager in a thermoporoelastoplasticity framework; and the material
model of fractured rock adopts fractures contact which follow the coulomb slid model in the
numerical model of discrete element. Therefore, UDEC designed for discontinuous media
has the capability to conduct the coupled thermal-hydraulic-mechanical (THM) analysis in
this paper.

2.1. Constitutive model

The constitutive model is the incremental numerical algorithm, it can be expressed as [20]

dσ′ = Dep(dε− dεp) − 18KG

3K + 4G
β dT + α dp (1)

where dσ′ is the effective stress increment; dε is the total strain increment; dεp is the
plastic strain increment; K is the bulk modulus; G is shear modulus; β is the linear thermal
expansion coefficient; dT is the temperature increment; α is the Biot’s coefficient; dp is the
pore pressure increment. Moreover, Dep is the elastoplastic stress-strain matrix, which can
be written as
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In these equations, E is Young’s modulus, ν is Poisson’s ratio, κ is the hardening parameter.
F is the yield function, and Q is the plastic potential function.

For linear Drucker-Prager yield criteria, the yield function F is given as
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where I1 is the mean normal effective stress, J2 is the deviatoric effective stress, σ′
1, σ

′
2, σ

′
3

are the three effective normal stresses, σ′
12 is the effective tangential stress, ϕ is the friction

angle, c is the cohesion.

A non-associated flow rule is employed to simulate the dilatant behavior of rock, the
plastic potential function Q can be expressed as

Q = qψ I1 +
√
J2 (9)

where ψ is the dilation angle.

2.2. Mud infiltration model

The mean velocity for laminar viscous flow between parallel plates can be expressed as

V = kfB (10)

in which V is the mean velocity, B is the hydraulic gradient, and the facture hydraulic
conductivity is given by

kf = kj a
2 g (11)

where kj is the joint permeability factor, a is the contact hydraulic aperture, g is the accel-
eration of gravity.

Thus, the flow rate per unit width can be written as

q = −kj a
3 dp
l

(12)
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where dp is pore pressure difference between adjacent domains, l is the length assigned to
the contact between the domains.

It can be seen that the facture aperture dominates the extent of mud infiltration into the
fracture under the same stress condition.

2.3. Heat transfer equation

The basic equation of conductive heat transfer is Fourier’s law [5], which can be written
as

Qi = −kij ∂T
∂xj

(13)

where Qi is flux in the i-direction, kij is thermal conductivity tensor, T is temperature.

Also, for any mass, the change in temperature can be expressed as

∂T

∂t
=

1
Cp �

[
∂Qx
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+
∂Qy
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]
(14)

where Qx and Qy are net heat flow into mass in x-direction and y-direction, respectively,
Cp is the specific heat, � is mass density.

3. Displacement back analysis by artificial neural network and genetic algorithm

3.1. Artificial neural network

The artificial neural network (ANN) was originally developed in the1940s by McCulloch
and Pitts [23]. An ANN is an information processing paradigm that is inspired by the way
biological nervous systems, such as the brain, process information. The key element of this
paradigm is the novel structure of the information processing system. An ANN consists
of a great number of nodes and weights between nodes. Except for the input nodes, each
node is a processing element (or neuron) with a nonlinear activation function. Network
output changes according to difference of connected type, weight and activation function.
Network itself is a type of natural algorithm or logical expression. Therefore, neural net-
works can be considered to be non-linear statistical data modeling tools. They are usually
applied to model complex non-linear relationships between inputs and outputs, or to find
patterns in data. Neural networks are used as components in larger systems that com-
bine both adaptive and non-adaptive elements, while the adaptive system is more suitable
for real-world problem solving. Therefore, in most cases an ANN is an adaptive system
that changes its structure based on external or internal information that flows through the
network during the learning phase. A single artificial neuron with a node threshold b, con-
nection weights wi (i = 1, 2, . . . , n) and a transfer function y(j) = f(u(j)) is shown in Fig. 1.
For each pattern j (j = 1, 2, . . . , p), all patterns can be expressed in matrix notation as [25]
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or in a more compact form,

u(i) = x
(i)
1 w1 + x

(i)
2 w2 + · · · + x(i)

n wn + b for i = 1, 2, . . . , p .



Engineering MECHANICS 397

ANN is used in this paper to represent the non-linear relationship between the maximum
and minimum horizontal earth stresses, the azimuth of the maximum horizontal earth stress
and the borehole displacements. This is essentially a mathematical model defining a function
ANN(X) :

ANN(X) : X → Y

Y = ANN(X)

X = (x1, x2, . . . , xn) ,

Y = (y(1), y(2), . . . , y(p)) .

(16)

In this mathematical model, xi (i = 1, 2, . . . , n) is the earth stress magnitude and direction,
such as the maximum horizontal principal stress, σH, the minimum horizontal principal
stress, σh, the azimuth of the largest horizontal principal stress, θ; y(j) (j = 1, 2, . . . , p)
is the borehole movements, such as the x-direction displacements ux and the y-direction
displacements uy.

In order to establish the mathematical model ANN(X), it is needed to create displace-
ment vectors corresponding to the given set of tentative earth stresses by using the numerical
analysis method (e.g., UDEC). And then the ANN model is trained and tested with the ten-
tative earth stresses as input and the created displacement vectors as output. The trained
ANN is defined as the mathematical model ANN(X) (see Fig. 2).

The model (ANN(X)) performance is able to be evaluated by mean square error (MSE)
and correlation coefficient (R-value) [30]. MSE is given by eq. (17).

MSE =
1
n

n∑
i=1

(Y ′
i − Yi)2 (17)

where n is the number of samples, Y ′
i and Yi are the targets and the predicted values for

i = 1, 2, . . . , n, respectively.

Correlation coefficient (R-value) can be described by eq. (18).
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n∑
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√√√√ n∑
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where n is the number of samples; ti = Ti − Ṫ , pi = Pi − Ṗ ; Ti and Ṫ are the targets and
the mean values of the target, respectively; Pi and Ṗ are the predicted values and the mean
values of the predicted data set, respectively, i = 1, 2, . . . , n.

Once the performance of the model (ANN(X)) is satisfactory, it will be used to represent
the non-linear relationship between input data and output data. And then the error function
would be established for GA based on the non-linear relationship.

Fig.1: Schematic of a single artificial neuron
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Fig.2: The neural network model

3.2. Genetic algorithm

The genetic algorithm (GA) was originally introduced in the early 1960s by John Hol-
land [17]. GA is a global search and optimization technique based on the mechanism of
natural selection and natural genetics. The technique starts with a set of solutions to the
problem, this set of solutions is called the population, and each individual in the population
is called a chromosome. The better the fitness of individual is, the more possibly the indi-
vidual is to be selected. A roulette wheel selection is adopted to implement the selection
operator of GA to determine which chromosomes are selected as parents. And parents create
the next generations, new chromosomes, also called offspring through the crossover and mu-
tation operations. Now the Xi = [xi1, xi2, . . . , xiN ] is used to represent chromosome i in the
population i = 1, 2, . . . , pop size. The fitness is eval(Xi) = f(x) for each chromosome Xi,
then total fitness can be calculated for the population by eq. (19) :

S =
pop size∑
i=1

eval(Xi) . (19)

The probability of being selected for each chromosome Xi is :

Pi =
evalXi

S
. (20)

As in any traditional approaches for displacement back analysis, an objective function is
imperative to be defined when genetic algorithm is adopted to search the earth stresses and
direction in a large search space. The objective function can be defined as

fittness = min

(
1
n

n∑
i=1

|ANNi(X) − Ui|
)

(21)

where n represents displacement evaluation factors, ANNi(X) is the predicted displacement
of the ith evaluation factor. Ui is the monitored displacement of the ith evaluation factor.
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3.3. ANN-GA combination

For a hybrid ANN-GA model, results of back analysis can be assessed by the difference
between the predicted displacements and the measured displacements. The entire flowchart
of the hybrid ANN-GA back analysis method is illustrated in Fig. 3. The procedures can be
described as follows [34, 35, 36] :
– Step 1 : Build proper ANN by determining initially network type and its algorithm, the

number of hidden layers, number of hidden nodes and transfer functions.
– Step 2 : Initialize the weights and biases of the network.
– Step 3 : Train the initial network. The training process requires a set of examples of

proper network behavior – network inputs and target outputs. The weights and bias of
the network are iteratively adjusted during training.

– Step 4 : If the mean square error (MSE) between the network outputs and the target out-
puts is satisfied, or the epoch is reached, the training process will be stopped. Otherwise,
repeat Step 3.

– Step 5 : Check the established artificial neural network model in terms of the network
error performance and the data regression results.

– Step 6 : If both the network error performance and the data regression results are sat-
isfied, the training will end. And then the best network model topology is obtained for
genetic algorithm. Otherwise, go to Step 1.

– Step 7 : The initializations of GA parameter set including population size pop size, the
maximum generation max gen, crossover probability Pc, mutation probability Pm, and
the range of search space for parameters. In this study, in order to have an effective
implementation of the GA, the real number encoding method is employed.

– Step 8 : Generate candidate individuals within the given range of parameters. And
then the initial population is generated based on these candidate individuals. Here each
chromosome (individual) represents an initial solution.

– Step 9 : Input the generated candidate solutions into the trained and tested neural net-
work model ANN(X) from Step 6, and obtain the displacement values at given monitoring
points.

– Step 10 : Use Eq. (21) to evaluate the fitness of the current individuals, i.e., the reason-
ability of the parameters set.

– Step 11 : If all individuals are evaluated, it will trace the best chromosome and go to
Step 12. Otherwise, it will go to Step 9.

– Step 12 : If the given evolutionary generation is reached, or the best individuals (the
properties of back identification), also the best chromosome, are obtained, then the
algorithm terminates and outputs the earth stress magnitude and direction. Otherwise,
go to Step 13.

– Step 13 : Execute the genetic operations, including selection, crossover and mutation.
The next generations of the selected individuals are generated based on the genetic
operations.

– Step 14 : Repeat Step 13 until all pop size new individuals are generated. They are
applied as new individuals (offspring).

– Step 15 : Using the generation of the best parent’s individual to replace randomly an
individual in the offspring.

– Step 16 : Take the offspring as parent and go to Step 9.
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Fig.3: Flowchart of the hybrid ANN-GA
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4. Numerical experiments on earth stress determination by displacement back
analysis

4.1. Creation of training and testing samples

In order to provide valid inputs and outputs for artificial neural network, UDEC is
used in this section to create the necessary data source. As can be seen from Fig. 4 the
problem domain of the UDEC model corresponds to a two-dimensional horizontal square
section, normal to the vertical borehole axis. The square section is 3×3m with a borehole
of 0.3m in diameter, drilled at the center. The domain of mud infiltration is circular around
the wellbore with a radius of r = 0.2m. The azimuth of the maximum earth stress is
defined in the east-north direction (EN). In this study, the Voronoi generator was used
to create arbitrary size polygonal blocks that represents the rock mass. The three cracks
are generated by using the joint generator, which is useful to simulate crack propagation.
Seven fixed measured locations on the half wellbore wall are selected in each case to monitor
the borehole deformations (e.g., x- and y-direction displacements). Figs. 5 and 6 show the
fracture patterns and the monitored point locations.

The problem domain is located at a depth of 2000m and is subjected to the largest and
smallest horizontal earth stresses, σH and σh. The earth vertical stress (out-of-plane) is at
a constant of σv = 43.16MPa, the problem domain is initially at the uniform pore pressure
of Po = 21MPa and at the uniform temperature of To = 100 ◦C. After drilling the borehole
domain is at the constant pore pressure of Pw = 26MPa and at the constant temperature

Fig.4: Borehole geometry and the problem domain
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Fig.5: Fracture distribution
in UDEC model

Fig.6: Measured locations on
the half wellbore wall

Properties Value

Intact rock

Density (kg/m3) 2278

Bulk modulus (GPa) 18.87

Shear modulus (GPa) 7.72

Friction angle (◦) 36.2

Cohesion (MPa) 6.3

Dilation angle (◦) 10

Tensile strength (MPa) 2.07

Fracture

Normal stiffness (Pa/m) 90×10−10

Shear stiffness (Pa/m) 60×10−10

Friction angle (◦) 36

Friction angle after mud infiltration (◦) 25

Fracture permeability factor (1/(Pa s)) 83.3

Residual aperture (m) 1.25×10−4

Zero normal stress aperture (m) 2.5×10−4

Tension limit (MPa) 0

Tab.1: Physical and mechanical properties of intact
rock and fracture for numerical analysis [7]

Mud Thermal parameters

Density Bulk modulus Cohesion Specific heat Expansion coefficient Conductivity
(kg/m3) (GPa) (Pa) Cp (J/kg ◦C) κ (10−6/ ◦C) k (W/m ◦C)

1200 0.1 0.1 890 5.2 4.0

Tab.2: Mud and thermal properties in numerical analysis
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Tab.3: Earth stress magnitude and azimuth and corresponding displacements

of Tw = 150 ◦C, and the friction angle of fractures located in the mud-infiltrated region is
reduced to 25 ◦C from 36 ◦C. The physical and mechanical properties of the intact rock
and the properties of fracture are given in Table 1 [7]. Table 2 gives the mud and thermal
properties. The blocks of intact rock are assumed to undergo elastoplastic deformation with
the Drucker-Prager failure criterion and a non-associated flow rule. The deformation of the
fractures is assumed to follow the Coulomb slip model.

In the 40 cases, a series of the different maximum and minimum horizontal earth stresses
and azimuth are presented. The corresponding x- and y-direction displacement vectors
in the given monitored points of the wellbore wall are calculated using UDEC model at
t = 60 minutes. They all are shown in Table 3.

4.2. Verification

To verify the hybrid model established in this work, the training and testing samples in
Table 3 are used to build the non-linear relationship between the earth stress magnitude
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and direction and the borehole motions. And the necessary objective function is established
based on the non-linear relationship.

In order to verify that the ANN(X) model can represent effectively the non-linear map-
ping between the earth stress magnitude and direction and the borehole motions. We put
the entire data set through the network (training, validation and test), and analyze the
network response (e.g., the mean square error and the ANN data regression).

Fig.7: Variations of the mean square error

Fig.8: The linear regressions between the network
outputs and the corresponding targets
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As can be seen in Fig. 7, the training is stopped after 134 iterations because the validation
error starts increasing. The final training set error value with a smaller mean-squared error
is about 1.59×10−4. The final validation set error and the final test set error with a smaller
mean-squared error for both are about 7.8459×10−4 and 4.4159×10−4, respectively. Results
indicate that there is no significant overfitting occurring.

Fig.9: Comparison of displacements obtained by ANN-GA
and displacements calculated through UDEC

Displacements (×10−4 m) Absolute error (×10−4 m) Relative error
ANN-GA UDEC Measure- ANN-GA and UDEC and ANN-GA and UDEC and

ment measurement measurement measurement measurement

u1x 2.7351 2.726 2.727 0.0081 −0.001 0.00297 −0.000367
u2x 0.694 0.6665 0.675 0.019 −0.0085 0.02815 −0.01259
u3x −1.329 −1.294 −1.291 −0.038 −0.003 0.02943 0.00232
u4x −3.3626 −3.473 −3.486 0.1234 0.013 −0.0354 −0.00373
u5x −4.4786 −4.453 −4.475 −0.0036 0.022 0.00080 −0.00492
u6x −4.4299 −4.412 −4.445 0.0151 0.033 −0.0034 −0.00742
u7x −2.958 −2.914 −2.932 −0.026 0.018 0.00887 −0.00614
u1y 0.6267 0.6268 0.6141 0.0126 0.0127 0.02052 0.02068
u2y 0.7316 0.7377 0.7227 0.0089 0.015 0.01231 0.02075
u3y 0.5327 0.5927 0.5756 −0.0429 0.0171 −0.07453 0.02971
u4y 0.4041 0.4134 0.4001 0.004 0.0133 0.00999 0.03324
u5y −0.04 −0.044 −0.05078 0.01078 0.00677 −0.2122 −0.13332
u6y −0.4469 −0.4305 −0.429 −0.0179 −0.0015 0.04172 0.0035
u7y −0.7132 −0.722 −0.7128 −0.0004 −0.0092 0.00056 0.01291

Tab.4: Comparison of predictions from ANN-GA model
and calculations from UDEC model

σH (MPa) σh (MPa) θ (◦)
Searching range [30, 60] [20, 50] [0, 90]
ANN-GA results 53.0516 31.2957 EN40.1786

Tab.5: Searching bound and identification results of pa-
rameters by the hybrid ANN-GA model
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Fig. 8 shows the three linear regressions for training, validation and test between the
network outputs and the corresponding targets. From Fig. 8 we can see that the three
correlation coefficients (R-values) for training, validation and test are greater than 99%.
The scattered plots show a good correlation and regression values.

According to above analysis, ANN(X) model established in this work can accurately
map the non-linear relationship between the earth stress magnitude and direction and the
borehole motions, and provide the objective function for GA to search.

In this work, parameters of genetic algorithm are set as : maximum generationNmax gen =
= 200, population size Npop size = 60, crossover probability Pc = 0.4 and mutation pro-
bability Pm = 0.2 . The ranges of parameters identified by ANN-GA are set as follows.
The maximum horizontal earth stress, σH : 30.0–60.0MPa, the minimum horizontal earth
stress, σh : 20.0–50.0MPa, the azimuth of the largest horizontal earth stress in east-north
direction, θ : 0–90◦.

Suppose the x- and y-direction displacements of the seven measured points (see Fig. 6)
have been measured (as shown in Table 4). Based on the objective function, GA with the
input of assumed measurements starts to search the optimal solution within the aforemen-
tioned ranges of the parameters to be recognized. After genetic operation of 200 generations
of evolution, the final earth stress magnitude and direction obtained are given in Table 5 :
The maximum horizontal earth stress, σH = 53.0516MPa, the minimum horizontal earth
stress, σh = 31.2957MPa, the azimuth of the largest horizontal earth stress in east-north
direction, θ = 40.1786◦.

Correspondingly, the ANN-GA model also gives the predicted x- and y-direction dis-
placements at the seven measured points, which are shown in Table 4. In addition, Table 4
also gives the x- and y-direction displacements at the seven measured points, which are
calculated by UDEC model.

For the displacement back analysis model, results of back-analysis can be assessed by
the fitness with generations and the comparison among the predicted displacements and
calculated displacements and the measured displacements. The predicted displacements by
the hybrid ANN-GA and the calculated displacements by UDEC model at all seven measured
points are compared with the measured displacements (as shown in Fig. 9 and Table 4). All
absolute errors are less than 0.00002m, and all relative errors are within 10% except u5y.

Fig.10: The variations of the fitness with generations
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Fig. 10 shows the variations of the objective function values with generations. It can
be seen from Fig. 10 that the final average individual fitness and the final best individual
fitness are very close to the real value zero. They are 0.0261×10−4 and 0.0258×10−4 after
genetic operation of 200 generations of evolution, respectively. Results demonstrate that
the displacement back analysis method is effective for identification of the maximum and
minimum horizontal earth stresses and the azimuth of the largest horizontal earth stress
based on the borehole motions during drilling.

5. Conclusions

The displacement based inverse analysis presented in this paper is used for the identifica-
tion of the earth stress based on the borehole motions during drilling. The method integrates
genetic algorithm, artificial neural network and numerical analysis. In the numerical analy-
sis, we used a coupled thermal-hydraulic-mechanical model in a thermoporoelsatoplasticity
framework so that it would be possible to incorporate effects of mud, heat and plastic de-
formation taking place during drilling, to obtain borehole displacement vectors. In the
displacement based inverse analysis, we use the hybrid ANN-GA model to identify the earth
stress. The results of the mean-squared error and the linear regression for training, valida-
tion and test indicate that the ANN(X) model has a strong capability for self-learning and
non-linear mapping between the earth stress and the borehole motions. Results of the fitness
and the comparison between the predicted displacements and the measured displacements
demonstrate clearly that the proposed method can accurately identify the earth stress based
on the borehole motions induced by drilling.
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