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A MATHEMATICAL MODEL OF RAT VENTRICULAR
CARDIOMYOCYTE WITH A NOVEL DESCRIPTION

OF INTRACELLULAR AND T-TUBULAR Ca2+ DYNAMICS

Michal Pásek*,**, Jǐŕı Šimurda**

In this paper, we present a novel quantitative description of intracellular and t-tubular
Ca2+ dynamics in a model of rat cardiac ventricular myocyte. In order to simulate
recently published data, the model incorporates t-tubular and peripheral dyads and
intracellular subspaces, segmentation of the t-tubular luminal volume, reformulation
of the inactivation properties of t-tubular and peripheral L-type calcium current (ICa)
and a description of exogenous Ca2+ buffer function in the intracellular space. The
model is used to explore activity-induced changes of ion concentrations in the intra-
cellular and t-tubular spaces and their role in excitation – contraction coupling in
ventricular myocytes.
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1. Introduction

The mechanical activity (contractions) of cardiac myocytes is triggered indirectly by
electrical activity (action potentials). The signal mediating the coupling between electrical
excitation and contraction is carried by calcium ions (Ca2+) stored in the terminal part
of sarcoplasmic reticulum (SR) and released during each period to cytosolic space. Bind-
ing transiently to contractile proteins they control development of muscle contraction [1].
The magnitude and time course of transient changes in cytosolic Ca2+ concentration
(shortly [Ca2+]c-transient) is therefore regarded as a principal measurable signal in the
process of excitation-contraction coupling. Exploration of the factors potentially affecting
[Ca2+]c-transient and consequently contraction is thus important. A significant role may be
played by activity-induced changes of ion concentrations in the lumen of the t-tubular system
that are not measurable by contemporary methods but can be explored by use of quantita-
tive models. In 2006 we published the first mathematical model of rat cardiac ventricular
myocyte including a quantitative description of the transverse (t-) tubular system [2]. The
model was used to explore activity-induced changes of ion concentrations in the t-tubular lu-
men and their role in modulating the electrical and mechanical activity of the myocyte. How-
ever, recent experimental data have shown that Ca2+ transport through cellular membrane
and Ca2+ dynamics in the intracellular and t-tubular spaces are more complex [3, 4, 5, 6, 7]
than described in the model. In the current work, we present a modified model of rat
ventricular myocyte that includes a novel description of intracellular and t-tubular Ca2+

dynamics enabling the recent findings to be incorporated. The principal modifications to
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the original model [2] include : (i) partition of the original single dyadic space into two : one
adjacent to surface membrane and second adjacent to t-tubular membrane; (ii) incorporation
of peripheral and t-tubular intracellular subspaces; (iii) partition of the t-tubule luminal vo-
lume into nine concentric segments; (iv) reformulation of calcium current (ICa) inactivation
to reproduce its different characteristics at the surface and t-tubular membranes; (v) in-
corporation of a quantitative description of the function of exogenous Ca2+ buffers in the
intracellular space.

2. Modification of the Model

2.1. Model structure

The modified model is illustrated in Fig. 1. The presence of peripheral dyads [3] and ion
gradients under the membrane [8] is taken into account by incorporation of the following new
compartments: dyadic space adjacent to surface membrane (surface dyadic space); junctional
sarcoplasmic reticulum adjacent to surface dyadic space (JSRs) and subsarcolemmal spaces
adjacent to surface and t-tubular membranes (surface subsarcolemmal space and tubular
subsarcolemmal space).

The total volume of the model cell (Vtot) was set to 11.14pL. The volumes of the intra-
cellular compartments are specified in Tab. 1. Because of the lack of experimental data, we
assumed that the fractional volumes of dyadic space and SR release compartment adjacent
to the t-tubular membrane (fVd,t, fVJSR,t) are comparable to the t-tubular fraction of ICa

(fVd,t = fVJSR,t = fCa,t = 0.8 [3]). The fractional volumes of surface and t-tubular submem-
brane spaces (fVs,s = 0.65 and fVs,t = 0.35, respectively) were set to be proportional to the
non-junctional area of each membrane (92.3% of surface membrane and 52% of t-tubular
membrane [4]).

Symbol Specification Value [pl]
Vc cytosolic space 6.2937
Vs,s surface subsarcolemmal subspace 0.1440
Vs,t tubular subsarcolemmal subspace 0.0775
Vd,s surface dyadic space 0.0001420
Vd,t tubular dyadic space 0.0005679
VJSR,s surface junctional compartment of sarcoplasmic reticulum 0.0078
VJSR,t tubular junctional compartment of sarcoplasmic reticulum 0.0312
VNSR network compartment of sarcoplasmic reticulum 0.3508

Tab.1: Volumes of intracellular compartments

The total volume of the t-tubular system in the model cell represents the sum of the
volumes of all t-tubules; the percentage volume of the t-tubular system is 3.3% [9] and the
percentage area of t-tubular membrane is 49% [5]. To simulate ion gradients in the t-tubular
lumen, and thus ion concentrations adjacent to the t-tubule membrane, the system (‘each
t-tubule’) was partitioned into 9 concentric cylindrical segments St1, St2, . . . , St9 (Fig. 1,
bottom). To increase the accuracy of computation of ion concentrations close to the t-tubular
membrane, the volumes of segments St1 – St8 were set to 3 % of the total tubular volume.

The specific capacitances of the t-tubular and surface membranes were set to
0.714μF/cm2 and 1.275μF/cm2, respectively. This is consistent with the results of ex-
perimental and simulation studies published in [5].
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Fig.1: Schematic diagram of the rat ventricular cell model used in the present study.
The description of the electrical activity of surface (s) and t-tubular (t) mem-
branes comprises formulations of the following ionic currents: fast sodium
current (INa), L-type calcium current (ICa), transient outward potassium cur-
rent (IKto), steady-state outward potassium current (IKss), inward rectify-
ing potassium current (IK1), hyperpolarization-activated current (If), back-
ground currents (IKb, INab, ICab), sodium-calcium exchange current (INaCa),
sodium-potassium pump current (INaK) and calcium pump current (IpCa). The
intracellular space contains the cytosolic space (c), surface and tubular sub-
sarcolemmal subspaces (ss, st), surface and tubular dyadic spaces (dt, ds),
network and junctional compartments of sarcoplasmic reticulum (NSR, JSRs,
JSRt), endogenous Ca2+ buffers (calmodulin (Bcm), troponin (Bhtrpn, Bltrpn),
calsequestrin (Bcs)) and exogenous Ca2+ buffer (e.g. BAPTA or EGTA; Bext)).
The tubular space is partitioned into nine concentric segments, St1 – St9;
a schematic representation of this partitioning is shown under the diagram.
Bts denotes the non-specific Ca2+ buffer associated with luminal part of tubu-
lar membrane. Jup represents Ca2+ flow via SR Ca2+ pump and the small filled
rectangles in JSR membrane ryanodine receptors. The small bi-directional ar-
rows denote Ca2+ diffusion. Ion diffusion between the tubular and external
space is represented by the dashed arrow.
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2.2. Membrane transport system

Voltage dependent inactivation (VDI) and Ca2+ dependent inactivation (CDI) of ICa

were reformulated on the basis of the experimental results in [3] which showed faster inacti-
vation of ICa in the t-tubules than in the peripheral membrane, as a result of more efficient
CDI in response to Ca2+ released at the t-tubules. All parameters of CDI are regarded as
dependent on the level of calmodulin saturation with Ca2+ (Bcm,Casat, [8]). The steady state
levels and time constants of VDI (ssVDI, τVDI) and CDI (ssCDI, τCDI,s, τCDI,t) are described
by the following equations :

ssVDI,x =
1

1 + e((Vm,x+26.7)/5.4)
,

τVDI,x =
0.04715

e((Vm,x+47)/12)2
+

0.092
1 + e(−(Vm,x+55)/5)

+
0.01725

1 + e((Vm,x+75)/25)
,

ssCDI,x =
1

1 + 0.244

(
B4

cm,Casat,x + 0.3184

B4
cm,Casat,x

) ,

τCDI,s = 0.014 +
0.029

1 + e((Bcm,Casat,s−0.77)/0.075)
,

τCDI,t = 0.0005 +
0.0285

1 + e((Bcm,Casat,t−0.77)/0.07)
.

While the formulations of ssVDI, τVDI and ssCDI in the description of ICa,s and ICa,t

are identical (the suffix x in the equations stands for s (surface) or t (tubular)), the τCDI of
these two currents is formulated differently (see τCDI,s and τCDI,t); this takes into account
the observed different modulation of surface and t-tubular ICa by Ca2+ released from SR [3].

The fractions of ion transporters in the t-tubular membrane (Tab. 2) were set accor-
ding to [5] except for the values of fCa,t and fpCa,t which were set to 0.8 [3] and 0.95 [6],
respectively.

The permeability of ICa-channels and conductivity of Ito-channels were increased by 10%
and 20%, respectively, to provide better agreement of simulated ICa with experimental data
(12.6 pA/pF, [3]) and action potentials of physiological duration.

fNa,t 0.38 gNa,max 10mS cm−2

fCa,t 0.80 PCa 0.00023 cm s−1

fKto,t 0.46 gKto,max 0.420 mS cm−2

fKss,t 0.86 gKss,max 0.070 mS cm−2

fK1,t 0.47 gK1,max 0.240 mS cm−2

ff,t 0.49 gf,max 0.015 mS cm−2

fNab,t 0.49 gNab,max 0.802 μS cm−2

fCab,t 0.49 gCab,max 0.648 μS cm−2

fKb,t 0.49 gKb,max 1.380 μS cm−2

fNaCa,t 0.78 kNaCa 0.18 nAcm−2 mM−4

fNaK,t 0.64 INaK,max 1.00μA cm−2

fpCa,t 0.95 IpCa,max 0.85μA cm−2

fX,t represents the t-tubule fraction of the ion transporter underlying current IX. gX,max, IX,max

or PX denote maximum conductivity, current or permeability of each ion transport system,

respectively, related to total membrane area.

Tab.2: Electrical properties of ion transport systems
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2.3. Intracellular Ca2+-handling

The function of ryanodine receptors (RyR) in JSR was formulated as described in [8],
although the values of ks and koCa were increased to 250ms−1 and 50mM−2 ms−1 respec-
tively, so that dyadic Ca2+ transients reached ∼ 100μM when [Ca2+]NSR = 0.5mM [8], [10].
The description of the SR Ca2+ pump (originally adopted from [11]) was modified to be
consistent with the data in [12]; the constants used are : KSR = 1, vmaxf = vmaxr =
= 0.296μmol/l cytosol/s, Kfb = 168nM, Krb = 1.176mM, Nfb = 1.2 and Nrb = 1.287. The
Ca2+ dissociation constant of calsequestrin (Kd,Bcs) in JSR was decreased to 0.65mM [8]
and Ca2+ buffering by calmodulin was described using kon,Bcm = 100000mM−1 s−1 and
koff,Bcm = 238 s−1 [13].

The model was supplemented by a description of exogenous Ca2+ buffer (EGTA) diffu-
sion among the pipette, subsarcolemmal spaces, dyadic spaces and cytosol (rate constants :
kon,Bext = 5000 mM−1 s−1, koff,Bext = 0.75 s−1). The time constants controlling the rate of
diffusion of exogenous Ca2+ buffer and of Ca2+ between individual cellular compartments
are specified in Tab. 3.

Symbol Value [s] Symbol Value [s]

τpss,buffer-free 4.42 (i) τssc,buffer-free 0.00175 (iii)

τpss,buffer-Ca 4.42 (i) τssc,buffer-Ca 0.00175 (iii)

τpss,Ca 4.42 (i) τssc,Ca 0.00175 (iii)

τdsss,buffer-free 0.34E−3 (ii) τstc,buffer-free 0.00325 (iv)

τdsss,buffer-Ca 0.34E−3 (ii) τstc,buffer-Ca 0.00325 (iv)

τdsss,Ca 1.1E−3 (ii) τstc,Ca 0.00325 (iv)

τdtst,buffer-free 0.34E−3 (ii) τssst,buffer-free 0.1 (v)

τdtst,buffer-Ca 0.34E−3 (ii) τssst,buffer-Ca 0.1 (v)

τdtst,Ca 0.15E−3 (ii) τssst,Ca 0.1 (v)

(i) Time constants of diffusion from the pipette to surface subspace were set to reproduce approximately

the increase of [Ca2+]c observed in isolated cells loaded with 100 μM fura 2 after membrane rupture

using a pipette (3 MΩ) filled with 3mM EGTA and 170 nM free Ca2+ (unpublished data courtesy of

Professor G. L. Smith, University of Glasgow). (ii) Time constants of diffusion from the dyadic spaces to

corresponding subspaces were set for [Ca2+]c to reach a peak within 20ms from the start of stimulation

at all stimulation rates. (iii, iv) Time constants of diffusion from the surface and tubular subspaces to

cytosolic space were set to generate a Ca2+ gradient under the membrane [3]. The ratio τstc,Ca/τssc,Ca

reflects the ratio of non-junctional areas of the surface and tubular membrane (65 % / 35 % – derived using

data in [4]). (v) Time constants of diffusion from the surface subspace to tubular subspace were set at the

minimum value that prevents a physiologically significant interaction between the compartments. Time

constants represent the time needed for the ion concentration in the second compartment to undertake

63% of the difference between its final and initial values after a rapid change of ion concentration in

the first compartment. The time constants for intracellular Na+ and K+ diffusion were set to the same

values as for Ca2+ diffusion.

Tab.3: Time constants related to intracellular transport of Ca2+ and Ca2+-buffers

2.4. Ion exchange within t-tubules and between t-tubules and the external space

The time constants for Ca2+ and K+ exchange between the t-tubule segments and the
external solution (τCa,extt, τK,extt) were adjusted to reproduce the changes of ICa and res-
ting potential observed experimentally following a rapid change of external bulk ion con-
centrations at 36 ◦C [7]. The time constants controlling Ca2+ and K+ exchange between
the individual t-tubular segments were computed by multiplying the τCa,extt and τK,extt by
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a factor that takes into account the different diffusion area between individual segments and,
in segments St8 and St9, their different volumes. The resulting formulation is :

τX,St,n+1 = τX,extt
Abase,n

Aboundary,n

VSt,n+1

VSt,n
,

where τX,St,n+1 represent the time constant controlling the rate of diffusion of ion X from
segment n to segment n + 1 and the parameters Abase,n, Aboundary,n, VSt,n+1 and VSt,n

represent the area of segment n in the tubular mouth, area of the boundary between segments
n and n+ 1, volume of segment n+ 1 and volume of segment n, respectively.

The time constant τNa,extt is considered to be equal to τK,extt and, because the con-
centration changes of tubular Na+ are minimal, they are described in a single t-tubule
compartment, as in our original work [2].

To reconstruct the biphasic decrease of ICa observed following a rapid decrease of [Ca2+]
in the external bulk solution (Fig. 2), the model was modified to include a Ca2+ buffer
(Bts) in t-tubular segment St1. Optimising the model using the same pulse and solution
change protocol used experimentally gave the following values for buffer parameters and time
constants of Ca2+ exchange : kon,Bts = 2 s−1 Mm−1, koff,Bts = 2.6 s−1, [Bts] = 93.6mM and
τCa,extt = 170ms. To fit the change of resting membrane potential observed experimentally
after a rapid change of external [K+] from 4.4 to 6.6mM (see Fig. 1 in [7]) the time constant
τK,extt had to be set to 150ms.

Fig.2: Model reconstruction of the experimental data of Yao et al. [7] showing
a decline in ICa following rapid exposure of a myocyte to Ca2+-free
external solution at 37 ◦C. The initial external concentration of Ca2+

was 1.08 mM. The experimental data are represented by asterisks and
the results from the model by filled circles.

Finally, the time constants were corrected for the lower temperature of the model cell
(22 ◦C, Q10 = 1.3, [14]) to give the values : τCa,extt = 252ms and τNa,extt = τK,extt = 222ms.

2.5. Numerical integration technique

The model was implemented in the program MATLAB 6.5 and numerical computation
of the system of 97 differential equations was performed using the solver for stiff systems
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ODE-15s. The model was run for 10 minutes of equivalent cell lifetime to ensure that steady-
state was reached. The values of all variables at this time were assigned as starting values
before running model trials. The basic units in which the equations were solved were : mV
for membrane voltage, μA for membrane currents, mM for ionic concentrations, s for time,
and ml for volumes.

3. Results

The Ca2+ dynamics of the model cell at steady state 5Hz stimulation (corresponds to
the resting heart rate of rat) is illustrated in Fig. 3. The left panel shows t-tubule (dotted
lines) and surface membrane (solid lines) action potentials and Ca2+-carrying currents (ICa,
INaCa, IpCa, ICab). The action potentials are almost identical as a consequence of tight elec-
trical coupling between the two membrane systems. However, there are marked differences
between the t-tubular and surface components of Ca2+ currents resulting from predominant
localisation of Ca2+ transporting proteins in the t-tubular membrane (see Tab. 2) and partly
from changes of Ca2+ concentrations in the t-tubule lumen ([Ca2+]t1). The upper graph
of right panel shows Ca2+ concentrations in the 1st, 3rd, 5th, 7th and 9th segments of the
t-tubule lumen, showing that the changes of [Ca2+] are greatest in the vicinity of t-tubular
membrane and decrease towards the centre of the t-tubule. Thus, during activity, a radial
ion concentration gradient arises in the t-tubule lumen as a result of trans-membrane Ca2+

fluxes, which, in turn, are altered by ion concentration changes in t-tubules. The remaining
graphs of the right panel illustrate the Ca2+ concentration changes in the network and re-

Fig.3: Action potentials (Vm), Ca2+ currents (ICa, INaCa, IpCa, ICab) and Ca2+

concentrations in t-tubular ([Ca2+ ]t1, [Ca2+]t3, [Ca2+]t5, [Ca2+ ]t7, [Ca2+]t9)
and intracellular spaces ([Ca2+]NSR, [Ca2+]JSR, [Ca2+]ds, [Ca2+]dt, [Ca2+ ]ss,
[Ca2+]st, [Ca2+]c) at 5Hz steady state stimulation. Solid lines refer to periph-
eral membrane and dotted lines to t-tubular membrane. The horizontal dashed
line in the panel of [Ca2+ ]t indicates external Ca2+ concentration (1.2mM).
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lease compartments of SR and the presence of a [Ca2+] gradient at the intracellular side of
cell membrane; the activity induced changes of intracellular Ca2+ concentrations are great-
est under the membrane (compare the magnitudes of changes in [Ca2+]d and [Ca2+]s with
substantially smaller Ca2+ transient at the level of sarcomere (see [Ca2+]c)).

To investigate the effect of radial Ca2+ concentration gradient in the t-tubule lumen on
systolic Ca2+ transient in the cytosol, the simulation was repeated under conditions of ion
concentrations in t-tubules fixed at external levels, and when t-tubular [Ca2+] was formu-
lated in a single compartment. The results (Fig. 4) showed that the Ca2+ depletion near the
t-tubular membrane (the first segment of t-tubular lumen) reduces the transmembrane Ca2+

flux into the cell and Ca2+ load in the sarcoplasmic reticulum, thus reducing the magnitude
of systolic Ca2+ transient (peak [Ca2+]c decreased by 11.3%) compared with that observed
when t-tubular [Ca2+] was fixed at external level or described in a single compartment.

Fig.4: Cumulative effect of Ca2+ depletions in the first t-tubule segment on the
magnitude of steady state systolic Ca2+-transient in the cytosol during
an action potential at a stimulation frequency of 5Hz. The solid and
dashed lines represent the results from the model with tubular ion con-
centrations allowed to change and fixed at external bulk levels, respec-
tively. The dotted line shows the results when [Ca2+ ]t was formulated
in a single (non segmented) compartment.

4. Discussion and Conclusions

Quantitative models of cardiac cells are constantly being refined on the basis of new
experimental findings. Conversely, such models make it possible to reconstruct processes
that are currently inaccessible to experimental investigation. The aim of this work was to
modify our existing model of rat ventricular myocyte [2] by incorporating recently pub-
lished experimental results. The new model allows detailed investigation of the effects of
activity-induced changes of ion concentrations in the intracellular and t-tubular spaces on
the processes underlying electro-mechanical coupling in these cells, as illustrated in Figs. 3
and 4.

This study highlights a potentially important role of radial ion concentration gradients in
t-tubular lumen in modulation of the transmembrane ion flux, intracellular Ca2+ load and
cellular contractility. It also suggests that under physiological conditions the distribution
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of ionic currents between the surface and t-tubular membranes and the changes of ion
concentrations in the t-tubular system help to maintain Ca2+ homeostasis in cardiac cells.
In future work, we intend to use this improved model to investigate the possible consequences
of pathological changes in t-tubule structure and function reported in cardiac cells.
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Appendix

Abbreviations used in the text

Symbol Definition
SR Sarcoplasmic reticulum
NSR Network compartment of SR
JSR Junctional compartment of SR
RyR Ryanodine receptor

Variables used in the text

Symbol Definition
Vm Membrane voltage
INa Fast Na+ current
ICa L-type Ca2+ current
IK1 Inward rectifying K+ current
IKto Transient outward K+ current
IKss Steady-state outward K+ current
If Hyperpolarization-activated current
IKb Background K+ current
INab Background Na+ current
ICab Background Ca2+ current
INaCa Na+ – Ca2+ exchange current
INaK Na+ – K+ pump current
IpCa Ca2+ pump current
Ii,s Surface membrane component of current i
Ii,t Tubular membrane component of current i
Jup Ca2+ flow via SR Ca2+ pump
[x]p Free concentration of substance x in the pipette
[x]e Free concentration of substance x in external space
[x]ti Free concentration of substance x in t-tubular segment i
[x]c Free concentration of substance x in cytosolic space
[x]st Free concentration of substance x in t-tubular subsarcolemmal space
[x]ss Free concentration of substance x in surface subsarcolemmal space
[x]dt Free concentration of substance x in t-tubular dyadic space
[x]ds Free concentration of substance x in surface dyadic space
[Ca2+]NSR Free concentration of Ca2+ in NSR
[Ca2+]JSR Free concentration of Ca2+ in JSR
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Parameters/constants used in the text

Symbol Definition
τx,extt Time constant of ion x diffusion from external space to t-tubule lumen
ks SR Ca2+ release rate constant
koCa Non SR dependent transition rate constant for RyR
KSR Scaling factor for SR Ca2+ pump
vmaxf SR Ca2+ pump forward rate parameter
vmaxr SR Ca2+ pump reverse rate parameter
Kfb Forward half-saturation constant for SR Ca2+ pump
Krb Backward half-saturation constant for SR Ca2+ pump
Nfb Forward cooperativity constant for SR Ca2+ pump
Nrb Reverse cooperativity constant for SR Ca2+ pump
kon On rate constant for ion binding
koff Off rate constant for ion binding
Q10 Temperature adjustment factor
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