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BUCKLING AND POSTBUCKLING OF A LARGE
DELAMINATED PLATE SUBJECTED TO SHEAR LOADING

Vı́t Obdržálek*, Jan Vrbka*

Buckling and postbuckling behaviour of a delaminated plate subjected to shear loa-
ding has been studied by means of the finite element analysis. The plate was assumed
to contain either one or two circular delaminations of various diameters and of various
out-of-plane and in-plane positions. The size of the plate corresponded to the size
of laminate panels used in aircraft structures. It was therefore possible to assess the
practical applicability of numerous studies which focused on the buckling behaviour
of substantially smaller plates.
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1. Introduction

In the past 30 years, the issue of buckling and postbuckling of delaminated plates has
attracted much attention due to the significant effect of delaminations upon the load carrying
capacity of the laminate structures. It was shown how the size and the shape of delaminations
can affect the buckling load and also how delaminations can behave in the postbuckling
regime [1]. However, majority of the studies into the buckling of delaminated plates focused
on the behaviour of plates with relatively small in-plane dimensions. Such plates exhibit
mostly half wave (U-shaped) buckled forms or less frequently single wave (S-shaped) buckled
forms with more of less significant local buckling of the delaminated sublaminates [2]. On
the other hand, the laminate panels used in aircraft structures are slender enough to exhibit
multiple wave buckled forms. Also the ratio of the slenderness of delaminated sublaminates
with respect to the slenderness of the whole panels is different and the panels could be
expected to buckle without local buckling of the delaminated sublaminates. As a result, the
growth of delaminations in the postbuckling regime could be significantly altered as well.
Partly because of the reduced importance of the opening fracture mode and partly because
of the variable position of delamination with respect to the nodal and anti-nodal lines.

Hence, the aim of this study was to investigate the buckling and postbuckling behaviour
of delaminated plates with dimensions similar to dimensions of laminate panels used in
aircraft structures. In order to reflect the loading of laminate panels in aircraft sructures,
the plate was assumed to be subjected to shear loading. The study focused on the effects of
delamination size, in-plane and out-of-plane position of delaminations upon the load carrying
capacity of the plates. Two possible load limiting events were considered – buckling and
delamination growth initiation.
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Engineering, Technicka 2, 616 69 Brno, Czech Republic
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2. Analysis

2.1. Problem description

The buckling and postbuckling behaviour of a delaminated plate subjected to shear
loading was studied. The plate was assumed to be made of fibre-metal laminate which
consists of three aluminium sheets interleaved with carbon fibre/epoxy composite plies.
The structure of the laminate is described in Table 1. Three sets of analyses with different
out-of-plane positions of either one or two circular delaminations were performed. The first
set comprised of analyses of plates with a delamination at the near surface interface A
(see Table 1), the second set included plates with a delamination at the near mid-surface
interface C and the last set of analyses focused on behaviour of plates with two delaminations
at interfaces A and B. The first two sets were designed so in order to study behaviour of
plates with two extreme positions of a single delamination, the last set of analyses focused on
the effect of multiple delaminations upon the buckling load. The positions of delaminations
were chosen so to obtain two neighbouring slender sublaminates and thereby to achieve
maximum buckling load reduction. Plates with a greater number of delaminations were not
analysed since this would have required extremely long computational times.

Layer thickness [mm] ply angle interface

aluminium 0.4
A

composite 0.1575 θ
B

composite 0.1575 -θ
C

aluminium 0.4
D

composite 0.1575 -θ
E

composite 0.1575 θ
F

aluminium 0.4

Tab.1: Structure of the laminate

Each set of analyses comprised of 36 analyses of a plate with a unique combination
of the in-plane position of delamination(s) (four variants – see Figure 1), composite ply
orientation (three variants : θ = 0◦, 45◦, 90◦) and delamination diameter (three variants :
d = 10, 20, 40mm). When the plate contained two delaminations, these had always the
same in-plane position and radius.

Fig.1: Plate dimensions and positions of delaminations



Engineering MECHANICS 299

2.2. Finite element mesh

The plate was modelled with 8-node layered continuum shell elements (entitled SC8R in
ABAQUS) which employ the first-order shear deformation theory kinematics [3]. The mesh
consisted of two separate parts which represented the delaminated and nondelaminated
portion of the plate. The delaminated part, consisted only of two or three layers of elements
depending on the number of delaminations. Consequently, the accuracy of distributions of
the components of the total energy release rate could be expected to be slightly inaccurate [1].
The nondelaminated part was modelled with just one layer of elements. The two parts of the
plate were bonded by TIE constraint implemented in ABAQUS. Because the virtual crack
closure technique [4, 5] was used to determine the energy release rate along the delamination
boundary, the edges of elements adjacent to the boundary were made to be orthogonal in
order to simplify evaluation of the results. A sample element mesh is depicted in Figure 2.

Fig.2: Sample finite element mesh

2.3. Material

Both the metal and the composite were assumed to be linear elastic. The aluminium
layers were assumed to be isotropic with the Young’s modulus of 0.725GPa and Poisson’s
ratio of 0.34. The composite layers were modelled as orthotropic – corresponding material
properties are listed in Table 2.

Hexcel unidirectional carbon/epoxy prepreg
E11 = 126.0 GPa E22 = 11.0 GPa E33 = 11.0 GPa
ν12 = 0.28 ν13 = 0.28 ν23 = 0.40
G12 = 6.60 GPa G13 = 6.60 GPa G23 = 3.93 GPa

Tab.2: Material properties of composite plies [6]

2.4. Contact constraints

To prevent unrealistic overlapping of delaminated sublaminates, a surface based friction-
less contact interaction was used in between the delaminated sublaminates. The augmented
Lagrangian contact algorithm was employed.



300 Obdržálek V. et al.: Buckling and Postbuckling of a Large Delaminated Plate Subjected . . .

In order to ensure buckling of the initially flat plate, it was necessary to introduce an
imperfection into the model. This was accomplished by introduction of a small virtual inter-
ference between the delaminated sublaminates in the delaminated region. The interference
magnitude was chosen to be 1.10−6 m, which is less than 1 % of the composite ply thickness.
This value was found to be sufficiently small not to significantly affect the postbuckling
response. Similar result was presented by Tay et al. [7].

2.5. Boundary conditions

The loading conditions roughly corresponded to the conditions of the experiment carried
out by Featherson and Watson [8] – see Figure 3. Two opposite edges were assumed to
be bonded to the rigid blocks, one of which was fixed and the other one had prescribed
displacement in the edge direction (y-axis) while being allowed to translate towards the
opposite edge. The other two edges were constrained to remain straight and the out-of
plane movement was not allowed.

Since the three-dimensional continuum shell elements were used to built up the plate,
some arrangements had to be made in order to simulate the plate boundary conditions
appropriately. Therefore, an extra set of nodes was modelled along the plate edges at the
mid-surface of the plate and the movement of the nodes on the top, bottom and mid surfaces
was constrained by a set of linear equations

utop
i + ubottom

i − 2umid
i = 0 , (1)

where utop
i , ubottom

i and umid
i are the displacements of the nodes on the top, bottom and mid

surface measured along the i-direction. All the displacements corresponding to the desired
in-plane movement of the plate were then prescribed at the nodes lying in the mid-plane.

Fig.3: Mid-plane boundary conditions

2.6. Solution method

Common quasi-static nonlinear analyses were performed using Newton-Raphson method.
In order to prevent divergence due to buckling of the plate, an artificial damping algorithm
implemented in Abaqus was used.
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3. Results

Two possible load limiting states were chosen for the evaluation of the effect of plate
and delamination parameters upon the load carrying capacity of delaminated plates. The
first load limiting event is the initial buckling of the plate. The second one is delamination
growth initiation.

3.1. Initial buckling

The most important characteristic of the initial buckling response is the buckling load.
In the present study, the buckling load was defined as a load at which the deflection of the
centre of plate or the centre of a delaminated sublaminate reached 20μm. This approach was
chosen to simplify evaluation of the buckling loads and provided good match with buckling
loads identified by the well known Southwell plot technique [9] and by the standard linear
buckling analysis.

The summary of the buckling loads is presented in Figures 4, 5 and 6. Even at the
first sight it is evident, that the effect of the size of delamination was negligible in case of
delaminations with diameters of 10 and 20mm. When the delamination diameter was 40mm,
the buckling loads were usually slightly smaller. Only in the case of the plates with two
large delaminations and the ply angle 45◦ was the reduction significant – see Figure 6. It
seems that only presence of multiple large delaminations may affect the buckling load when
behaviour of large plates is under consideration. This is not surprising because in case
of delaminations with diameters of 10 and 20mm, the ratio of the delamination diameter
vs. the width of the plate is 0.0625 and 0.125, respectively, which values usually correspond
to no or small buckling load reduction [10]. Since in reality the largest dimension of impact
induced delaminations is usually not much greater than 40mm [11–15], the initial buckling
load is not likely to be significantly reduced.

Fig.4: Buckling limit loads of plates with a circular delamination at interface A
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Fig.5: Buckling loads of plates with a circular delamination at interface C

Fig.6: Buckling loads of plates with two circular delaminations
positioned at interfaces A and B

The effect of the out-of-plane position of delamination upon the buckling load could be
seen in Figures 4 and 5. Since small delaminations did not alter the buckling load, the effect
could be observed only in case of the plates with a delamination which has the diameter
of 40mm. Such plates exhibited greater buckling loads when the delamination was near the
mid-plane than when it was near the surface.

Considering the effect of the in-plane position of delamination upon the buckling load, it
must be concluded that no clear effect could be observed, although it might appear that there
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was some trend in case of plates with delaminations which have a diameter of 10 or 20mm.
However, the regular fluctuations of the buckling load observed in Figures 4–6 was caused by
combination of several phenomena. Firstly, the different deflection rate at different regions
of the plate was responsible for the fact that the maximum deflection of 20μm used to
identify the buckling load corresponded to slightly different load levels. Secondly, the viscous
damping used to avoid divergence of the computational analyses sometimes altered slightly
the buckling load. And at last, the initial buckling behaviour was found to be a-priory
sensitive to imperfections. This happens, when there are two or more close equilibrium
load paths in the vicinity of the initial buckling point. The load-deflection curves shown
in Figure 7 clearly demonstrate that the buckling mode often changed into the secondary
buckling mode as the load slightly increased. It should be mentioned, that sometimes the
initial buckling behaviour was so complex that no clear buckling mode could be identified.
The initial buckling behaviour was not only interesting because of the identification of the
buckling load but also because of the evolution of the buckled shape is crucial for the ultimate
load bearing capability of the plates. Therefore, typical load-deflection curves are presented
in Figures 7–9. Firstly, it should be noticed that the direction of the plate deflection varied,
which could have an enormous effect upon the growth of delaminations (e.g. Figures 7(a)
and 7(d)), since the delaminated sublaminate which is closer to the more compressed side
may buckle locally.

The second interesting phenomenon is the evolution of the gap in between delaminated
sublaminates. It is because such gap usually gives rise to the possibility of the fracture mode
I driven growth of delamination. Quite often, there was no apparent gap in between delami-

Fig.7: Load-deflection curves – plates with a delamination at interface A,
the diameter of delamination d = 40mm, the ply angle θ = 0◦
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Fig.8: Load-deflection curves – plates with a delamination at interface A,
the diameter of delamination d = 40mm, the ply angle θ = 90◦

Fig.9: Load-deflection curves – plates with delaminations at interfaces
A and B, the diameter of delaminations d = 40 mm

nated sublaminates at all (Figures 7(a) and 7(d)). This held for all plates with delaminations
which had diameter of either 10mm or 20mm. However, in case of plates with large delam-
inations, the gap was usually observed at least at some load level. Sometimes, the gap was
observed ever since the initial buckling, although the gap size may have varied (Figures 7(b)
and 7(c)). Sometimes, the gap occurred only at higher load levels (Figure 8(a)) or on the
other hand, there was the gap only in the initial stage of loading (Figure 8(b)). It should
be also mentioned, that the gradual change of the buckling shape from the initial form to
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the final form was sometimes accompanied by development of a huge gap in between delam-
inated sublaminates (the gap being positioned closer to the edge of the delamination) – see
Figure 10. Such behaviour is not typical for small delaminated plates, because small plates
with a large delamination, which is essential for this sort of behaviour, do not tend to change
the initial buckling mode shape. In case of plates with two delaminations the situation was
even more complicated because a gap in between any of the three sublaminates could occur
– see Figure 9. It might be concluded, that the prediction of the buckling and postbuckling
behaviour of large delaminated plates, especially when the growth of delaminations is to be
predicted, could be quite difficult task.

Fig.10: Gap evolution – diagonal cross-section of the 80×80 mm central region;
a plate with a delamination in the in-plane centre at interface A, the
diameter of delamination d = 40 mm, the ply angle θ = 0◦

3.2. Delamination growth initiation

The possibility of delamination growth initiation can be demonstrated on the summary
of the maximum values of the total energy release rate, GT,max, found along the delamination
boundary – see Figures 11 and 12. The values of GT,max are presented for all the analysed
plate configurations with a single delamination and two load levels of 25 kN and 40kN. The
load of 40 kN corresponds to the moment when plates of all configuration exhibited the
same three-half-wave buckled pattern (see Figure 13) and therefore the effects of various
parameters, such as the delamination size or position of delamination, could be studied.
The load level of 25 kN was chosen to demonstrate the possibility of delamination growth
initiation at the load which is not much higher than the buckling load of a sound plate
and thereby to assess the possibility of delamination growth initiation under conditions
which reflect the fact that many aircraft structures are designed to take advantage of the
load-carrying capacity of buckled plates.

Looking first at Figure 11 which presents values of GT,max at the load level of 25 kN, it
can be seen, that delamination growth initiation at this load stage was unlikely because the
critical value of the total energy release rate is usually greater than 120 J.m−2 [16–18]. On
the other hand, from the summary of values of GT,max at the load level of 40 kN (Figure 12),
it is evident, that some plates with a large delamination might experience delamination
growth initiation. Some of the values of GT,max in Figure 12(c) are quite large and therefore
delamination grow initiation might occur even at a lower load level. Nevertheless, it should
also be realised, that the applied load of 40 kN is approximately twice as large as the buckling
load. Since aircraft structures are not usually designed to withstand a load so much higher
than the buckling load, it can be assumed, that delamination growth initiation may not be
the critical load limiting event.
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Fig.11: Maxima of the total energy release rate GT; load P = 25 kN

Fig.12: Maxima of total energy release rate GT; load P = 40 kN

Considering the effect of the out-of-plane position of delamination upon the values of
GT,max, it can be seen in both Figures 11 and 12 that, except for one case (Figure 12(c)),
plates with a delamination close to the mid-plane exhibited larger GT,max values than plates
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Fig.13: Buckled shapes, in-plane positions and sizes of delaminations

with a delamination near the surface. However, this does not necessarily mean that de-
laminations near the mid-plane would start to grow earlier than delaminations near the
mid-surface, because of the dependence of the interlaminar fracture toughness upon the
mode-mixity ratio.

Focusing now on the effect of the in-plane position of delaminations upon the possibility
of delamination growth initiation, it can be seen in Figure 12 that plates with delaminations
at position 1 or 3 (see Figure 1) exhibited larger values of GT,max than delaminations at
position 2 or 4. Looking at Figure 13(b), it can be seen that positions 1 and 3 lie in the
region with a high gradient of the out-of-plane displacement. Similarly, when two-half-wave
buckling pattern, shown in Figure 13(a), was sometimes established in earlier loading stages,
delaminations lying along the diagonal exhibited higher values of GT,max than delaminations
lying off the diagonal. This feature is interesting, although possibly not generally valid.
Nevertheless, it could be suggested to carry out buckling tests of the laminated structures
with delaminations positioned along nodal lines of the structures because this would provide
conservative values of the load-carrying capacity.

So far only the values of GT,max were considered. However, as it has been already men-
tioned, the value of the interlaminar fracture toughness could depend on the mode-mixity
ratio. It is well known, that the mode II intelaminar fracture toughness is usually at least
twice as large as the mode I interlaminar fracture toughness [18–22] and that there is also dif-
ference in between mode II and mode III interlaminar fracture toughnesses [23]. Therefore,
information about GT,max might not be sufficient for delamination growth prediction. In
order to get an idea about the values of the fracture mode components of GT, the summary
of the maxima of all the fracture mode components at the load level 40 kN is presented
in Figures 14 and 15. In Figure 14, which presents values observed in the case of plates
with a delamination at interface A, it can be seen, that the maximum values of the mode I
component of GT sometimes reached 38% of GT,max values. This means, that delaminations
might start to grow in the region where GI is high rather than in the region with maxi-
mum of GT. Similarly, as it can be seen in Figures 14 and 15, the mode III component
was sometimes larger than the mode II component, but again this does not mean that the
location of delamination growth initiation would take place at the location where GIII had
the largest value. It is evident, that determination of values of fracture mode components
of the energy release rate could be crucial for the assessment of growth of delaminations.



308 Obdržálek V. et al.: Buckling and Postbuckling of a Large Delaminated Plate Subjected . . .

Fig.14: Maxima of the mode components of the total energy release
rate GT; load P = 40 kN; delamination at interface A

Fig.15: Maxima of the mode components of the total energy release
rate GT; load P = 40 kN; delamination at interface C
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It should be mentioned that in case of small plates, the dominant fracture mode is usually
the opening mode together with the shearing mode [7, 24, 25], and therefore the behaviour
of delaminations in large and small plates is expected to be different.

It can be also noticed, that there was some dependence of the energy release rate values
upon the in-plane position of delamination. Typically, when a delamination was positioned
in the centre of the plate, the only significant component of GT was the mode II component.
There was, however, one exception to this rule. In the case of the plate with the ply angle
θ = 0◦ and with the large delamination positioned at interface A, the mixed buckling mode
shape developed in the late loading stage, giving rise to the mode I component of the total

Fig.16: Typical distributions of the fracture mode components of the
total energy release rate GT; load P = 40 kN; plates with a sin-
gle delamination; coordinate s has zero value at the bottom of
a delamination and increases with counterclockwise movement
along the delamination boundary as shown in Figure 1
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energy release rate. In case of the other delamination positions, there was quite a resem-
blance in the ratio of the fracture mode components of GT. The values corresponding to
delaminations at position 1 and 3 exhibited a better match compared to delaminations at
position 4, since as already discussed, regions near position 1 and 3 exhibit similar deforma-
tion. There is also one more thing interesting about delaminations at position 4. In every
but this position, the mode III energy release rate became more significant as the size of
a delamination increased. This could be possibly attributed to the specific deformation in
this region and also to the effect of boundary conditions.

A careful examination of the Figure 15 reveals that some values are greater than 1. The
reason for this is that sometimes the values of the fracture mode components of the total
energy release rate were negative at some places along the delamination boundary – see
Figure 16(d). The occurrence of the negative values is believed to be caused by the coarse
finite element mesh, since in the case of small plates which were discretised with greater
number of layers of elements no negative values were observed [1].

Typical distributions of the energy release rates are presented in Figure 16. It can be seen,
the mode II and mode III components of the total energy release rate are usually greater
than the mode I component. Moreover, it is evident, that the ratio of the components of GT

varies greatly along the delamination boundary as well as from one plate configuration to
another. Therefore, if the delamination growth initiation is to be predicted, it is necessary
to have information about the mixed-mode interlaminar fracture toughness value vs. the
mode mixity ratio. It should be also noticed, that the interlaminar fracture toughness is
a function of the orientation of plies adjacent to the delaminated interface [26, 27], which
fact further complicates possibility of finding a simple procedure for prediction of the growth
of delaminations in buckled delaminated composite structures.

4. Conclusions

The results of the present study can be summarised as follows :

– The effect of the size of a delamination upon the buckling load was small except for
the case of plates with two delaminations with a diameter of 40mm.

– Plates with a delamination near to the mid-surface exhibited higher values of the
maximum of the total energy release rate found at the delamination boundary than
plates with a near surface delamination.

– Buckled plates with a delamination lying near a nodal line exhibited higher values
of the maximum total energy release rate found at the delamination boundary than
plates with a delamination near an anti-nodal line. The mode-mixity was function of
the in-plane position of delamination as well.

– A delamination in a large plate can start to grow only at a load which is much higher
than the buckling load.

– The maximum values of the mode II and/or mode III components of the total energy
release rate were found to be greater than the mode I component values in case of
nearly all analysed variants of delaminated plates.

– The knowledge of the dependence of the interlaminar fracture toughness upon the
mode-mixity ratio and the mutual orientation of plies adjacent to the delaminated
interface is essential for accurate prediction of delamination growth.
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